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CW-COMPLEXES IN THE CATEGORY OF SMALL
CATEGORIES
CHRISTIAN FRANK AND A. SALCH
Abstract. We compute the collection of CW-complexes in the model cate-
gory of small categories constructed by Joyal and Tierney. More generally, if
X is a connected topological space, we show that the homotopy category of
CW-complexes in Joyal-Tierney’s model category of sheaves of sets on X is
equivalent to the homotopy category of groupoids. As an application of the
ideas, we show that the algebraic K-theory groups of the category of pointed
small categories are trivial, and more generally, the algebraic K-theory groups
of any sufficiently “nice” Waldhausen category A of pointed small categories
also vanishes, regardless of finiteness conditions assumed on the objects of A.
The vanishing of this K-theory implies that there is no nontrivial Euler char-
acteristic defined on pointed small categories and satisfying certain niceness
axioms.
1. Introduction
In the category of unpointed spaces, the suspension of a space X is weakly
equivalent to the homotopy pushout of the diagram
X pt.
pt.
where pt. is the terminal object, i.e., the one-point space. As the pn ` 1q-sphere
Sn`1 is the suspension of the n-sphere Sn, this gives a purely model-categorical
method of inductively constructing spaces weakly equivalent to spheres, starting
from the zero-sphere S0 “ pt.
š
pt., a coproduct of two copies of the terminal
object. Homotopy pushouts also provide a model-categorical method of attaching
cells, and consequently, of building CW-complexes: to glue an pn ` 1q-disc to a
space X by a map f : Sn Ñ X , we form the diagram
Sn X
pt.
f
and take its homotopy pushout. It is natural to ask how much of the classical
theory of CW-complexes can be generalized from the setting of topological spaces
to other model categories of fundamental importance.
In this paper, we examine the formal CW-complexes that can be built when
using the Joyal-Tierney model structure, which we now explain. There exists a
model structure on the category SmCat of small categories in which the weak
equivalences are simply the familiar categorical equivalences, and the cofibrations
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are the functors which are injective on objects; this model structure is a special
case of the general Joyal-Tierney model structure, from [7], on internal categories
in a Grothendieck topos, whose fibrant objects form a certain model for stacks
(see [14] for more results on that connection). It is a folklore result1 that there
exists exactly one model structure on the category of small categories for which
the weak equivalences are the categorical equivalences. So the Joyal-Tierney model
structure on SmCat is an extremely fundamental one: it is the only model structure
on SmCat whose associated homotopy theory is exactly the study of small categories
up to weak equivalence. It is a natural question to ask for a characterization of the
CW-complexes in this model category.
In this paper we compute the CW-complexes2 in the Joyal-Tierney model cate-
gory Cat ShpZarpXqq of internal categories in the Grothendieck topos ShpZarpXqq
of sheaves of sets on a connected topological space X . Our results are as follows:
‚ In the special case of greatest interest,X “ pt., the category Cat ShpZarpXqq
is simply the category SmCat of small categories. In Theorem 5.2 we prove
that the 1-dimensional CW-complexes in SmCat are precisely the groupoids
with the property that the automorphism group of each object is a free
group. In Theorem 5.3 we prove that the 2-dimensional CW-complexes in
SmCat are precisely the groupoids. In Corollary 5.4 we prove that each CW-
complex in SmCat is weakly equivalent to a 2-dimensional CW-complex,
and in Corollary 5.5 we conclude that the category of CW-complexes in
SmCat is precisely the category of groupoids.
In classical homotopy theory, the category of topological spaces homo-
topy equivalent to a CW-complex was heavily studied (see e.g. [11]). As
a consequence of our Corollary 5.4, we know that, if one asks what small
categories have the homotopy type3 of CW-complexes in small categories,
the answer is very simple: it is precisely the groupoids.
‚ In Theorem 4.5 we prove that, if X is a connected topological space and if
we write ZarpXq for the site of open subsets of X , then the homotopy cat-
egory of CW-complexes in Cat ShpZarpXqq is equivalent to the homotopy
category of CW-complexes on SmCat, i.e., the homotopy category of CW-
complexes in Cat ShpZarpXqq is equivalent to the homotopy category of
groupoids. (More specifically: Theorem 5.6 shows that the CW-complexes
in Cat ShpZarpXqq are, up to weak equivalence, simply the “constantifica-
tions” of the CW-complexes in internal categories in sheaves on a point,
i.e., the CW-complexes in SmCat.)
The categories of CW-complexes we consider in this paper are not them-
selves model categories, although they embed in the model categories con-
structed by Joyal and Tierney. Consequently our equivalences of homotopy
categories of CW-complexes do not arise from Quillen equivalences. It is
1To the best of our knowledge, this result was never published, but several writeups including
proofs are available on the Web, for example [12].
2Our definition of a CW-complex in a general model category is really only defined up to weak
equivalence; see the comment preceding Definition 2.4 for some explanation of this. Consequently,
when comparing our results with the classical results for topological spaces, a more precise state-
ment is that we compute the weak equivalence types of all CW-complexes in Cat ShpZarpXqq.
3“Homotopy type” and “weak homotopy type” are equivalent notions in the Joyal-Tierney
model structure on SmCat, since every object in this model category is both cofibrant and fibrant,
so every weak equivalence has a homotopy inverse, as in Lemma 4.24 of [2].
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worth pointing out that Theorem 4.5 is not true if one omits the restric-
tion to CW-complexes; i.e., the categories CatpShpZarpXqq and SmCat are
not equivalent, and their homotopy categories are not equivalent; one only
arrives at an equivalence after restricting to the homotopy category of CW-
complexes in each category.
‚ The cofibrant pointed objects Ccof˚ in a model category C possess the struc-
ture of a Waldhausen category, and hence have associated algebraic K-
theory groupsKnpC
cof
˚ q “ πn
´
Ω
ˇˇˇ
wS‚C
cof
˚
ˇˇˇ¯
, as in [15]. In Theorem 6.8, we
show that the algebraicK-theory groupsKnpSmCat˚q vanish for all n. This
vanishing theorem uses homotopical properties of suspension in SmCat˚,
and does not use an “Eilenberg swindle.” Consequently it holds more gener-
ally, for all reasonable sub-Waldhausen-categories of SmCat˚, and in Theo-
rem 6.8 we prove the following: suppose A is a full sub-Waldhausen category
of SmCat˚ which satisfies the conditions:
(1) pushouts along cofibrations computed in A agree with the same pushouts
computed in SmCat˚, and
(2) if C is an object of SmCat˚ which is contained in A, then the category
is also contained in A which has object set ob C and which has exactly
one morphism X Ñ Y for each ordered pair X,Y in ob C .
Then the algebraic K-theory groups KnpAq vanish for all n.
In [8], Leinster constructs a notion of the “Euler characteristic” of a finite
category satisfying certain hypothesis (namely, the finite category must admit a
“weighting” and a “coweighting”). Proposition 2.8 in [8] (see also [4] for the anal-
ogous result in the more general setting of Euler characteristics for categories de-
veloped in [5]) establishes a kind of additivity for Leinster’s Euler characteristic.
One can ask if there exists an Euler characteristic χ on pointed finite categories
which satisfies the natural “cofiber-additivity” given by cofiber sequences in the
Joyal-Tierney model structure—i.e., such that, if
C //

D

1 // E
is a homotopy pushout square in SmCat˚, then χpDq “ χpCq`χpEq. As a corollary
of our Theorem 6.8, if A is a full sub-Waldhausen-category of SmCat˚ satisfying the
two conditions described above, then the only cofiber-additive Euler characteristic
on A is identically zero—since any such Euler characteristic must factor through
the universal Euler characteristic landing in K0pAq – 0.
2. CW-complexes in a model category.
The following is one of the usual definitions of a homotopy pushout; see [2], for
example.
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Definition 2.1. Let C be a model category. We say that an object W of C is the
homotopy pushout of a given diagram
(2.1) X //

Z
Y
if diagram (2.1) fits into a commutative diagram
X˜ //

''
Z˜

22X //

Z
Y˜ //
&&
W Y
in which the left-hand square is a pushout square, the curved arrows are acyclic
fibrations, the maps X˜ Ñ Z˜ and X˜ Ñ Y˜ are cofibrations, and X˜ is cofibrant.
We write “the” homotopy pushout of (2.1), although it is not a well-defined
isomorphism type; however, it is well-defined up to weak equivalence (see section 10
of [2], for example).
Definition 2.2. Let C be a model category, let f : X Ñ Z and g : X Ñ Y be maps
in C . Suppose that X is cofibrant. We say that an object W of C is the one-sided
homotopy pushout of f along g if f and g fit into a commutative diagram
(2.2) X
f
//

id
''
Z

id
22X //
g

Z
Y˜ //
&&
W Y
in which the left-hand square is a pushout square, the map Y˜ Ñ Y is an acyclic
fibration, and the map X Ñ Y˜ is a cofibration.
Note that Definition 2.2 is asymmetric: the one-sided homotopy pushout W of
f : X Ñ Z along g : X Ñ Y is equipped with a canonical map Z Ñ W , but not
with a canonical map Y ÑW . However, the ordinary homotopy pushout does not
have this asymmetry, and in Proposition 2.3 we show that the one-sided homotopy
pushout is weakly equivalent to the ordinary homotopy pushout in any left-proper
model category. As an immediate consequence, in a left proper model category, the
one-sided homotopy pushout is symmetric up to weak equivalence. Proposition 2.3
is easy and well-known; we do not know where it appears in the literature, but its
proof is a pleasant exercise which we leave to the reader.
Proposition 2.3. Let C be a left proper model category, that is, every pushout
of a weak equivalence along a cofibration in C is a weak equivalence. Then every
one-sided homotopy pushout in C is weakly equivalent to the homotopy pushout.
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In Definition 2.4 we present some straightforward generalizations4 of the usual
notions of spheres and CW-complexes to settings much more general than the
classical setting of topological spaces:
Definition 2.4. Let C be a model category whose terminal object 1 is cofibrant.
‚ By the 0-sphere in C , written S0, we mean the coproduct 1
š
1 of two copies
of the terminal object 1 of C .
‚ If n is a positive integer, then an object X of C is called an n-sphere in C
if X can be written as a homotopy pushout of a diagram of the form
Y //

1
1
where Y is an pn´1q-sphere in C . We will sometimes write Sn for the weak
equivalence class of the n-spheres inside the category of cofibrant objects of
C .
‚ An object X of C is called a 0-dimensional CW-complex in C if X is cofi-
brant and a coproduct of copies of the terminal object 1.
‚ If n is a positive integer, then an object X of C is called an n-dimensional
CW-complex in C if X can be written as a one-sided homotopy pushout of a
map
š
iPI Si Ñ Y along the map
š
iPI pSi :
š
iPI Si Ñ
š
iPI 1, where Y is
an pn´1q-dimensional CW-complex in C , I is a set, Si is an pn´1q-sphere
in C for each i P I, and the map pSi : Si Ñ 1 is the unique map to the
terminal object. The resulting map Y Ñ X is called an pn ´ 1q-skeleton
inclusion.
‚ An object X of C is called a finite-dimensional CW-complex in C if X is
an n-dimensional CW-complex for some n.
3. Joyal-Tierney model structures.
Conventions 3.1. Given categories C ,D with pullbacks, and given a pullback-
preserving functor F : C Ñ D, we can apply F levelwise to an internal category
(3.3) O // Moo
oo
M ˆO Moo
in C , yielding an internal category
(3.4) F pOq // F pM qoo
oo
F pM q ˆF pOq F pM qoo
in D. We adopt the convention that we will write F˜ for the evident functor F˜ :
CatpCq Ñ CatpDq which, on objects, sends (3.3) to (3.4).
So, for example, when we apply the global sections functor Γ : ShpC , τq Ñ Sets
levelwise to an internal category, we are applying the functor Γ˜ : Cat ShpC , τq Ñ
4We have chosen a definition of “spheres in a model category” which is only well-defined up
to weak equivalence, not up to isomorphism. Technically this is not exactly a generalization of
the classical notion of spheres in topological spaces, since of course the n-sphere is well-defined
up to homeomorphism. It is possible to give a more “rigid,” up-to-isomorphism definition of
spheres in a model category, but requires (inductively) making choices of cofibrations from spheres
into contractible objects, and the statements of the results later in the paper are slightly more
convoluted-looking if we instead use the “rigid” definition. So we prefer to use the up-to-weak-
equivalence definition of spheres. (The zero-sphere, however, is well-defined up to isomorphism.)
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CatSets “ SmCat. Similarly, in Proposition 3.7 and Definition 3.10 we introduce
functors #˜ and c˜ which are given by applying sheafification # and constantification
c, respectively, levelwise to an internal category.
Let triv denote the trivial site, i.e., the site of open subsets of the one-point topo-
logical space. Since SmCat “ CatShptrivq, any statements we make for Cat ShpC , τq
have corresponding statements for SmCat as a special case.
Recall that an internal category in a category A with finite limits is a small
category object in A, i.e., a pair of objects pO,M q in A and structure maps
ηL : M Ñ O
ηR : M Ñ O
ǫ : O Ñ M
∆ : M ˆO M Ñ M
encoding domain of a morphism, codomain of a morphism, identity morphism on
an object, and composition of a composable pair of morphisms, respectively, and
making the inevitable diagrams commute which encode associativity and unitality
of composition. The pullback M ˆO M is taken using the two maps ηL, ηR as the
maps M Ñ O in the defining pullback square. We write jL for the projection
of a composable pair to its left morphism and jR for the projection to its right
morphism:
M ˆO M M
M O
jL
jR
ηL
ηR
Given an internal category pO,M q, we have (see e.g. [1]) its coreflection pO, IsopO,M qq
in internal groupoids, and the canonical map
(3.5) pO,M q Ð pO, IsopO,M qq.
The following definitions are special cases of those in [1]; see also [3].
Definition 3.2. Suppose A is a category with finite limits and pO0,M0q and pO1,M1q
are internal categories in A. We say that a map pfO , fM q : pO0,M0q Ñ pO1,M1q of
internal categories is:
‚ full and faithful if the commutative square in A
M0
pηL,ηRq

fM // M1
pηL,ηRq

O0 ˆ O0
fOˆfO // O1 ˆ O1
is a pullback square,
‚ essentially surjective if the composite map ηR ˝ ι ˝ p in the diagram
O0 ˆO1 IsopO1,M1q
p
//

IsopO1,M1q
ηR˝ι //
ηL˝ι

O1
O0
fO
// O1
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is a regular epimorphism in A where ι : IsopO1,M1q Ñ M1 is the insertion
of isomorphisms into all morphisms, and
‚ an internal categorical equivalence if it is full and faithful and essentially
surjective.
Remark 3.3. The map ι can be defined categorically when working in a category
E with pullbacks. Given an internal category pO,M q in E, with structure maps ηL,
ηR, ǫ, and ∆, and pullback projections jL and jR as described earlier, the pullback
of ǫ along ∆ gives a subobject P pO,M q of M ˆO M .
P pO,M q M ˆO M
O M
ρ
∆
ǫ
(In sets P pO,M q is the pairs of morphisms which compose to an identity morphism.)
Let ρ : P pO,M q Ñ M ˆO M be the projection of this pullback, and now take the
following pullback.
QpO,M q P pO,M q
P pO,M q M
ρ1
jL˝ρ
jR˝ρ
(In sets QpO,M q is the collection of 4-tuples pa, b, c, dq of morphisms for which the
first pair b˝a “ 1 composes to an identity morphism, the last pair d˝c composes to
an identity morphism, and the middle pair b “ c are equal.) This object QpO,M q
may be identified with IsopO,M q, and the diagonal composite jL ˝ ρ ˝ ρ
1 of this
square (which in sets sends the tuple to the middle morphism c), may be identified
with the map ι.
The following model structure was constructed in [7].
Theorem 3.4. (Joyal-Tierney.) Suppose pC , τq is a site. We denote the Grothendieck
topos of sheaves of sets on pC , τq as ShpC , τq. There exists a cofibrantly generated
model structure on CatShpC , τq, called the Joyal-Tierney model structure, defined
as follows:
‚ The cofibrations are the maps of internal categories pO0,M0q Ñ pO1,M1q
whose underlying map O0 Ñ O1 is a monomorphism in the category ShpC , τq.
‚ The weak equivalences are the internal categorical equivalences.
‚ The fibrations are the maps with the right lifting property with respect to
the acyclic cofibrations.
Observation 3.5. Recall “Theorem B” from C. Reedy’s well-known thesis [13]:
given a cofibration i : A Ñ B and a weak equivalence f : A Ñ C, if A is cofi-
brant, then the pushout map B Ñ C
š
AB is also a weak equivalence. An easy
consequence of Reedy’s Theorem B is that a model category is left-proper if all its
objects are cofibrant. (See the statement of Proposition 2.3 for the definition of
left-properness.) Consequently the Joyal-Tierney model structure on Cat ShpC , τq
is left-proper.
Remark 3.6. Let pC , τq be the site of open subsets of a one-point space. The
resulting special case of Theorem 3.4 is of particular interest: Theorem 3.4 gives a
model structure on SmCat such that
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‚ its cofibrations are the functors which are injective on objects,
‚ its weak equivalences are the functors which induce an equivalence of cat-
egories,
‚ and its fibrations are the isofibrations, i.e., the functors F : X Ñ Y such
that, for each object X of X and each isomorphism f : F pXq
–
ÝÑ Y in Y ,
there exists an isomorphism f˜ : X
–
ÝÑ Y˜ in X such that F pf˜q “ f .
The following result is classical; see e.g. Theorem III.5.1 in [10].
Proposition 3.7. Sheafification. Let pC , τq be a site, with C small, and let D be
a category with equalizers and small colimits. Write D ShpC , τq for the category of
D-valued sheaves on pC , τq. The forgetful functor
forget : D ShpC , τq
forget
ÝÑ DC
op
has a left adjoint #, which we call “sheafification.” The functor # commutes with
finite limits.
Lemma 3.8. Suppose C is small and pC , τq is a cofiltered site. The forgetful functor
˜forget : Cat ShpC , τq Ñ Cat
´
SetsC
op
¯
,
from internal categories in ShpC , τq to internal categories in SetsC
op
, has a left
adjoint #˜ : Cat
´
SetsC
op
¯
Ñ Cat ShpC , τq which we also call sheafification. This
sheafification #˜ commutes with forgetting to the underlying object and morphism
(pre)sheaves, in the sense that the underlying object sheaf of #˜pX q is naturally
isomorphic to the sheafification of the underlying object presheaf of X , and the
underlying morphism sheaf of #˜pX q is naturally isomorphic to the sheafification of
the underlying morphism presheaf of X .
Proof. From Proposition 3.7 and the stated assumptions one knows that # com-
mutes with finite limits, so if
O // Moo
oo
M ˆO Moo
is an internal category in SetsC
op
, applying # yields
#O // #Moo
oo
#M ˆ#O #Moo
an internal category in ShpC , τq.
Now suppose pO,M q is an internal category in ShpC , τq and f : pO1,M 1q Ñ
pO,M q a morphism of internal categories. The universal property of # and its
naturality then produces a unique factorization of f through the canonical map
pO1,M 1q Ñ p#O1,#M 1q in the category of internal categories in SetsC
op
. Hence
pO1,M 1q ÞÑ p#O1,#M 1q is a reflection functor CatpSetsC
op
q Ñ Cat ShpC , τq, i.e., it
is left adjoint to the inclusion Cat ShpC , τq Ñ CatpSetsC
op
q. 
Lemma 3.9. Suppose C has a terminal object. Let c˜ be the functor
c˜ : SmCatÑ Cat
´
SetsC
op
¯
,
which sends a small category A to the constant presheaf taking the value A. Then
c˜ is a left adjoint.
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Proof. For each object U of C , let Γ˜U : Cat
´
SetsC
op
¯
Ñ SmCat be the functor
“evaluation at U ,” i.e., Γ˜U pM ,Oq is the small category with objects M pUq and
morphisms OpUq.
The functor Γ˜U has a left adjoint c˜U : SmCatÑ Cat
´
SetsC
op
¯
given by sending
a small category A to the internal category X in SetsC
op
defined as follows: for all V
in C , we let X pV q “ A if there exists a morphism V Ñ U in C , and we let X pV q “ H
if there does not exist a morphism V Ñ U in C . Verifying that c˜U is left adjoint to
Γ˜U is elementary.
The functor c˜ in the statement of the lemma is simply c˜1, with 1 the terminal
object in C . 
Definition 3.10. Define c : SetsÑ SetsC
op
to be the functor taking a set X to the
constant presheaf with value X.
It is clear that c˜ is given by applying c to the diagrams.
O // Moo
oo
M ˆO Moo
Moreover, because limits and colimits in presheaves are computed levelwise, both
are preserved by c.
Theorem 3.11. Suppose C is small and has a terminal object. Then the following
statements hold:
‚ The composite #˜˝ c˜ : SmCatÑ CatShpC , τq is left adjoint to global sections
Γ˜.
‚ The composite #˜ ˝ c˜ preserves finite limits.
‚ The composite #˜ ˝ c˜ sends cofibrations to cofibrations.
‚ The composite #˜ ˝ c˜ sends cofibrant objects to cofibrant objects.
‚ The composite #˜ ˝ c˜ sends weak equivalences to weak equivalences.
‚ The composite #˜ ˝ c˜ sends n-spheres to n-spheres. (More precisely: if X is
an n-sphere in SmCat, then p#˜ ˝ c˜qpXq is an n-sphere in CatShpC , τq.)
Proof. ‚ In Lemma 3.9 and Lemma 3.8 we prove that c˜ and #˜ are left adjoints,
so the same is true of their composite.
‚ The functor c˜ preserves products simply because products in functor cate-
gories are computed pointwise. The functor #˜ preserves finite limits by its
definition: an internal category
O // Moo
oo
M ˆO Moo
sheafifies as
#O // #Moo
oo
#M ˆ#O #Moo
, and since # preserves finite limits, #˜ does as well.
‚ If pfO , fM q : pO,M q Ñ pO
1,M 1q is a cofibration in SmCat, then fO is a
monomorphism in Sets, so pc˜pfqqO is a monomorphism in Sets
C
op
by con-
struction, and
´´
#˜ ˝ c˜
¯
pfq
¯
O
– #pc˜pfqOq. The functor # preserves finite
limits by Proposition 3.7, so in particular it preserves pullbacks, hence pre-
serves the kernel pair of any morphism. It is a standard exercise (in fact,
see exercise III.4.4 in [9] for the dual) that a map g : X Ñ Y is monic if and
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only if the pullback of the kernel pair of g is X ; consequently # preserves
monomorphisms. So
´´
#˜ ˝ c˜
¯
pfq
¯
O
is a monomorphism. So
´
#˜ ˝ c˜
¯
pfq
is a cofibration.
‚ Since #˜ ˝ c˜ preserves finite limits, it sends the intial object to an initial
object, so #˜ ˝ c˜ preserving cofibrations immediately implies that it also
sends cofibrant objects to cofibrant objects.
‚ Let F be a weak equivalence, so that it is full and faithful as well as essen-
tially surjective. Because # and c both preserve finite limits, pullbacks in
particular are preserved and
´
#˜ ˝ c˜
¯
pF q remains full and faithful. Since
# and c each preserve colimits, they each send regular epimorphisms to
regular epimorphisms, so essential surjectivity of ηR ˝ ι˝p will be preserved
as long as the map ηL ˝ ι is preserved by #˜ and by c˜. This follows from the
construction of ι as a finite limit in 3.3, and the fact that #˜ ˝ c˜ preserves
finite limits.
‚ Since #˜ ˝ c˜ preserves products and colimits, in particular it preserves the
coproduct of two copies of the trivial product, i.e., 1
š
1. This is the initial
step in an induction.
Since #˜ ˝ c˜ preserves colimits, cofibrations, cofibrant objects, and weak
equivalences, it preserves homotopy colimits (up to weak equivalence), and
in particular, it preserves homotopy pushouts (up to weak equivalence).
This provides the inductive step: if #˜˝ c˜ sends n-spheres to n-spheres, then
it sends n` 1-spheres to n` 1-spheres. So, for all nonnegative integers n,
we have that #˜ ˝ c˜ sends n-spheres to n-spheres.

Corollary 3.12. The functor Γ˜ sends weak equivalences between fibrant objects to
weak equivalences.
Proof. Since Γ˜ is right adjoint to the left Quillen functor #˜˝c˜, it preserves fibrations
and acyclic fibrations. So by Ken Brown’s lemma (see e.g. Lemma 1.1.12 of [6]), Γ˜
preserves weak equivalences between fibrant objects. 
4. Exotic attaching maps
Since we have all spheres in the image of #˜ ˝ c˜, it is natural to ask whether all
CW-complexes are also in the image. Under some assumptions on the underlying
site, this is indeed the case, up to weak equivalence; see Theorem 4.4. The fol-
lowing example shows, however, that some assumptions on the underlying site are
necessary: there exist sites for which not all attaching maps between spheres can
be given by application of #˜˝ c˜. We think of maps outside the image of the functor
#˜ ˝ c˜ as “exotic attaching maps,” since one doesn’t expect the homotopy cofiber of
such maps to be in the essential image of #˜ ˝ c˜.
Example 4.1. By Theorem 3.11, S0 in Cat ShpC , τq is
´
#˜ ˝ c˜
¯
p1 > 1q, that is,
the sheafification of the constant presheaf which evaluates to the two-element dis-
crete category. Since the sheafification functor #˜ : CatpSetsC q Ñ Cat ShpC , τq is
given by applying the sheafification functor # : SetsC Ñ ShpC , τq levelwise, the
internal category
´
#˜ ˝ c˜
¯
p1 > 1q is discrete (i.e., its morphisms ηL, ηR, and ǫ are
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isomorphisms). Regarded as a sheaf of small categories,
´
#˜ ˝ c˜
¯
p1 > 1q is simply
the constant sheaf taking value the two-element set 2. In the case that our site is
a space X , the standard identification of constant sheaves (i.e., sheafifications of
constant presheaves) on topological spaces, as in exercise 2.7 of [10], then gives us
that
´
#˜ ˝ c˜
¯
p1 > 1q is the sheaf of locally constant functions from X to 2. Let X
be the discrete two-element space, with elements u and v, so that´´
#˜ ˝ c˜
¯
p1 > 1q
¯
ptuuq “
´´
#˜ ˝ c˜
¯
p1 > 1q
¯
ptvuq “ 2.
Fix an element 0 P 2. To construct a map
ξ :
´
#˜ ˝ c˜
¯
p1 > 1q Ñ
´
#˜ ˝ c˜
¯
p1 > 1q
which is not in the image of #˜ ˝ c˜, we define ξptuuq : 2Ñ 2 to be the identity map
on 2, and we define ξptvuq : 2 Ñ 2 to be the map sending both elements of 2 to
0 P 2. As tuu and tvu have empty intersection, this gives a unique map on their
union. Since tuu and tvu form an open cover of X , the definitions of ξptuuq and
ξptvuq completely determine how ξ must act on the global sections. Furthermore,
the induced stalk map ξtuu is not isomorphic to the induced stalk map ξtvu, so ξ is
an example of an “exotic attaching map.”
In the case where our site is a connected space, however, #˜ ˝ c˜ is a full functor.
This follows from the following proposition:
Proposition 4.2. Let C be the site of open subsets of a connected topological space.
Then the unit natural transformation
η˜ : idCatpSetsC q Ñ Γ˜ ˝ #˜ ˝ c˜
of the adjunction #˜ ˝ c˜ % Γ˜ is a natural isomorphism.
Consequently, #˜ ˝ c˜ is a full and faithful functor.
Proof. By standard facts on sheafification of constant presheaves (see e.g. exercise
2.7 of [10]), the sheafification of the constant presheaf of sets taking values in a set
Z has Z as its global sections. Consequently the unit natural transformation
η : idSetsC Ñ Γ ˝# ˝ c
is a natural isomorphism. (Recall Convention 3.1: the symbols Γ,#, and c refer to
the classical constructions on sheaves of sets, while their levelwise applications to
internal categories in sheaves of sets are decorated with tildes: Γ˜, #˜, and c˜.) If X
is a category object
O // Moo
oo
M ˆO Moo
in sets, then application of η necessarily yields an isomorphism on O,M , and M ˆO
M , while naturality gives the compatibility of the structure maps of X with those
of pΓ˜ ˝ #˜ ˝ c˜qpX q. Consequently η˜ is an isomorphism.
It is a general (and elementary, but we still provide the proof) fact that, given
functors F : A Ñ B and G : B Ñ A and an adjunction F % G whose unit natural
transformation η : idA Ñ GF is invertible, the functor F is full and faithful. This
is simply because the composite map
(4.6) homApX,Y q Ñ homBpFX,FY q
–
ÝÑ homApX,GFY q
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is postcomposition with the unit map Y Ñ GFY , which is a bijection, and so the
left-hand map in (4.6) is also a bijection. In the case where F “ #˜ ˝ c˜ and G “ Γ˜,
we get that #˜ ˝ c˜ is full and faithful. 
Lemma 4.3. For every nonempty small category A 1, there exists a contractible
small category T and a cofibration i : A 1 Ñ T such that the image of i under #˜ ˝ c˜
remains a cofibration into a contractible object.
Proof. By Remark 3.6, cofibrations in small categories under the Joyal-Tierney
model structure are simply functors which are injective on objects, and weak equiv-
alences are honest equivalences of categories. For a nonempty set S, let CS be the
category with objects S and exactly one arrow in every hom-set. Such a category is
necessarily equivalent to the terminal category 1. Writing |A 1| for the set of objects
of A 1, there is a unique map i from A 1 to T :“ C|A1| which is the identity on objects;
i is necessarily a cofibration. Its image under #˜ ˝ c˜ remains a cofibration into a
contractible object by Theorem 3.11. 
Theorem 4.4. Let X be a connected topological space, and let Z be a n-dimensional
CW-complex in CatShpXq. Then there exists a weak equivalence
Z Ñ
´
#˜ ˝ c˜
¯
pZq
in Cat ShpXq, where Z is an n-dimensional CW-complex in SmCat.
Proof. Our proof is by induction on n. We begin with the base case, n “ 0: a zero-
dimensional CW-complex in Cat ShpXq is, by Definition 2.4, a cofibrant object
of Cat ShpXq which is a coproduct of terminal objects. By Theorem 3.11, #˜ ˝ c˜
preserves finite limits, so in particular it sends the terminal object to the terminal
object; since #˜ ˝ c˜ is also a left adjoint, it preserves coproducts, so #˜ ˝ c˜ applied
to a coproduct of terminal objects is a coproduct of terminal objects. So each
zero-dimensional CW-complex in Cat ShpXq is #˜ ˝ c˜ applied to a zero-dimensional
CW-complex in SmCat.
Now for the inductive step: choose an n-dimensional CW-complex A in Cat ShpXq.
The inductive hypothesis is that there exists a weak equivalence ϕ : A Ñ #˜ ˝ c˜pA 1q,
where A 1 is an n-dimensional CW-complex in SmCat. We want to show that the
homotopy pushout of the diagram
š
Sn A
š
1
ψ
is weakly equivalent to the image of an pn`1q-complex under #˜˝c˜, for any coproduct
of n-spheres and any attaching map ψ.
By Theorem 3.11, there exists a weak equivalence θ :
´
#˜ ˝ c˜
¯
pSnq Ñ Sn, and
the previous lemma gives a cofibration i : Sn Ñ T in small categories, with T con-
tractible, and such that its image under #˜˝ c˜ remains a cofibration with contractible
codomain. Taking the pushout
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´
#˜ ˝ c˜
¯
pSnq Sn
´
#˜ ˝ c˜
¯
pT q T 1
p#˜˝c˜qpiq
θ
i1
yields T 1 weakly equivalent to the contractible object #˜ ˝ c˜pT q by left-properness
(see Observation 3.5), and a cofibration i1. Now #˜ ˝ c˜ is a left adjoint so preserves
colimits, a coproduct of cofibrations remains a cofibration, and coproducts commute
with pushouts. Altogether, the previous pushout diagram yields the next pushout
diagram: ´
#˜ ˝ c˜
¯
p
š
Snq
š
Sn
´
#˜ ˝ c˜
¯
p
š
T q
š
T 1,
p#˜˝c˜qp
š
iq
š
θ
š
i1
where both
´
#˜ ˝ c˜
¯
p
š
iq and
š
i1 are cofibrations.
The homotopy pushout we are interested in is given by the following pushout
diagram. š
Sn A
š
T 1 B
š
i1
ψ
It is standard that the concatenation´
#˜ ˝ c˜
¯
p
š
Snq
š
Sn A
´
#˜ ˝ c˜
¯
p
š
T q
š
T 1 B
p#˜˝c˜qp
š
iq
š
θ
š
i1
ψ
of the two pushout squares is itself a pushout. Also, the pushout´
#˜ ˝ c˜
¯
p
š
Snq
´
#˜ ˝ c˜
¯
pA 1q
´
#˜ ˝ c˜
¯
p
š
T q B 1
p#˜˝c˜qp
š
iq
ϕ˝ψ˝p
š
θq
j
k
is entirely in the image of #˜ ˝ c˜ as a consequence of #˜ ˝ c˜ being a full functor
(by Proposition 4.2) and a left adjoint, hence preserving colimits. We conclude
not only that B 1 “
´
#˜ ˝ c˜
¯
pDq for some small category D, but also that D is an
pn` 1q-dimensional CW-complex.
By the universal property of pushouts, there exists a unique h making the dia-
gram commute.
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´
#˜ ˝ c˜
¯
p
š
Snq A
´
#˜ ˝ c˜
¯
p
š
T q B
B 1
p#˜˝c˜qp
š
iq
ψ˝p
š
θq
j˝ϕ
k
h
We now redraw this last diagram as follows.´
#˜ ˝ c˜
¯
p
š
Snq A
´
#˜ ˝ c˜
¯
pA 1q
´
#˜ ˝ c˜
¯
p
š
T q B B 1
#˜˝c˜p
š
iq
ψ˝p
š
θq ϕ
j
h
The outer rectangle and left square have both been shown to be pushouts;
it is classical (the dual of the “pullback lemma”) that the right square is then
also a pushout. Finally, the middle arrow is a cofibration as it is a pushout of
the cofibration
´
#˜ ˝ c˜
¯
p
š
iq, so left-properness of Cat ShpXq gives h as a weak
equivalence as the pushout of the weak equivalence ϕ along a cofibration. Now
h : B Ñ B 1 “
´
#˜ ˝ c˜
¯
pDq is a weak equivalence from B to #˜ ˝ c˜ applied to an
pn` 1q-dimensional CW-complex in SmCat, completing the inductive step. 
Theorem 4.5. Let X be a connected topological space. Then the homotopy category
Ho pCWCatShpXqq of CW-complexes in internal categories in sheaves on X is
equivalent to HopCWSmCatq, the homotopy category of CW-complexes in small
categories.
Proof. For the duration of this proof, we adopt the convention that, given a functor
F between SmCat and CatpShpXqq which sends CW -complexes to CW -complexes,
we will write F 1 for its restriction to a functor between the CW -complex categories
CWpSmCatq and CWpCatpShpXqqq.
We claim that the functor Ho
´
p#˜ ˝ c˜q1
¯
: Ho ppCWpSmCatqqq Ñ Ho ppCWCatShpXqqq
is full, faithful, and essentially surjective; clearly this implies the claim made in the
statement of the theorem. We prove each of these three properties, in order:
Fullness: By Proposition 4.2, #˜ ˝ c˜ is full; so Hop#˜ ˝ c˜q is also full, so
Ho
´
p#˜ ˝ c˜q1
¯
is also full.
Faithfulness: Since Γ˜ ˝ #˜ ˝ c˜ “ id, we also have
Ho
´
Γ˜ ˝ #˜ ˝ c˜
¯
» Ho
´
Γ˜
¯
˝Ho
´
#˜ ˝ c˜
¯
(4.7)
» HopidSmCatq
» idHopSmCatq(4.8)
with equalities 4.7 and 4.8 due to Ho being a pseudo-2-functor from model
categories to categories, by Theorem 1.4.3 of [6]. (Here it is important that
we are using the functors #˜ ˝ c˜ and Γ, which are defined on the model
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categories defined by Joyal and Tierney, rather than their restrictions p#˜ ˝
c˜q1 and Γ1 to the CW -complex categories, which are not known to be model
categories!) So Ho
´
#˜ ˝ c˜
¯
is faithful, so its restriction Ho
´
p#˜ ˝ c˜q1
¯
is also
faithful.
Essential surjectivity: Immediate from Theorem 4.4. (This is the only
place in the proof of the present theorem where it is essential that we
work with p#˜ ˝ c˜q1, rather than #˜ ˝ c˜, which is not essentially surjective!)

5. Formal CW-complexes in small categories
Next we classify CW-complexes in the category of small categories under the
Joyal-Tierney model structure. We remind the reader that our notion of CW-
complexes is defined up to weak equivalence, not up to isomorphism, as explained
in the remark preceding Definition 2.4.
Proposition 5.1. The spheres in the category of small categories under the Joyal-
Tierney model structure are, up to weak equivalence, as follows:
S0 “ 1 > 1
S1 » Z, as a one-object category
Sn » 1 for all n ą 1
Proof. By Observation 3.5, SmCat is left proper, implying that the homotopy
pushout of the diagram
1 > 1 1
1
coincides (up to weak equivalence) with the pushout of the diagram
1 > 1 1
C2
where C2 is the category consisting of two objects linked by a single isomorphism.
This pushout identifies the two points of C2 while leaving no relations on the
isomorphism, yielding the integers Z as a 1-sphere. Suspending Z as a pushout is
done by the diagram
Z 1
1
in which both maps are already cofibrations, implying the homotopy pushout is
just the ordinary pushout, which is clearly the terminal 1. As the suspension of the
terminal is just the terminal again, the proof is complete. 
16 CHRISTIAN FRANK AND A. SALCH
Theorem 5.2. A small category a 1-dimensional CW-complex, under the Joyal-
Tierney model structure, if and only if it is a groupoid with the property that the
automorphism group of each object is a free group.
Proof. Clearly a 0-complex is just a disjoint union of terminals
š
1, ie a discrete
category. A 1-complex is then built on a 0-complex Z0 :“
š
1 by the homotopy
pushout of š
I S
0 Z0
š
I 1
where I is an indexing set. By replacing the vertical map by a cofibration5., we get
(5.9)
š
I S
0 Z0
š
I C2.
The pushout of this diagram simply attaches isomorphisms to our discrete 0-
complex without imposing any rules on how they must compose. That is, each
1-complex is a groupoid in which each object’s automorphism group is free.
Conversely, suppose we have such a groupoid G. We claim it is possible to
construct G as a 1-complex. First, let G1i be the full subcategory of G given by a
single object Gi of G, so G
1
i is a free group on some generating set S. We let Z0
be the terminal 1 and take the pushout of the diagramš
S S
0 1
š
S C2
This attaches to a single object a set of isomorphisms indexed by S with no
relations they much satisfy. Clearly this is the free group on S.
Next, suppose Gi is the full replete subcategory of G generated by the object
Gi, that is, Gi is the full subcategory of G given by the objects isomorphic to
Gi. Index all such objects excluding Gi itself by a set T . Viewing T as a discrete
category (a 0-complex), let q : T Ñ 1 > T send every object to the terminal 1, and
let ι be the insertion of T into 1 > T . We define a functor r of discrete categories
by the coproduct diagram
T
š
T S
0 T
1 > T,
q r ι
5I.e., by factoring the left vertical map as a cofibration followed by an acyclic fibration, and
using the cofibration in our pushout diagram rather than the original vertical map. There are
other choices of cofibration-acyclic-fibration factorization of the vertical map other than the one
shown in diagram (5.9), but it is standard that making another other choice of factorization results
in a weak equivalent pushout.
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so that r sends the second object of each copy of S0 to its corresponding object under
T , and the first always goes to the remaining terminal. Now let p1 :
š
S S
0 Ñ 1 >T
be functor sending everything to 1, and define p :
š
S>T S
0 Ñ 1 > T by
š
S S
0
š
S>T S
0
š
T S
0
1 > T
p1
p
r
Using this map, the pushout of
š
S>T S
0 1 > T
š
S>T C2
p
glues isomorphisms indexed by S to the same object 1, again making the object’s
automorphism group free on S, but now also glues from each object of T a single
isomorphism to 1. The facts that G is simply a coproduct of all such isomorphism
components Gi, and that coproducts commute with pushouts complete the proof.

Higher-dimensional complexes are even easier to characterize—they are exactly
the groupoids!
Theorem 5.3. A small category is a 2-dimensional CW-complex, under the Joyal-
Tierney model structure, if and only if it is a groupoid.
Proof. Taking a pushout š
I Z G
š
I 1
where I is an index set andG is a groupoid will not introduce any morphisms which
are not invertible, hence every 2-dimensional CW-complex is weakly equivalent to
a groupoid, hence is a groupoid.
To show the other direction, let G be a groupoid, and let Gi be an object in G.
Its automorphism group, like any group is a quotient of a free group on some set S
by some subgroup GS . Letting the set of objects isomorphic to Gi be indexed by a
set T , construct the 1-complex TS on T where all pairs of objects are connected by
an isomorphism and every automorphism group is free on S. Let p :
š
J Z Ñ TS
be a functor sending all objects in the domain to the same object in the codomain,
while sending the generators of each copy of Z to a generating set of GS . The
pushout of š
J Z TS
š
J 1
p
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collapses each automorphism group to that of Gi. Because coproducts commute
with pushouts, the result follows. 
Since Sn is contractible for all n ą 2, we have the following:
Theorem 5.4. A small category is weakly equivalent to a CW-complex, under the
Joyal-Tierney model structure, if and only if it is a groupoid.
Corollary 5.5. The category CWSmCat of CW-complexes in small categories is
the full subcategory of SmCat generated by the groupoids.
Theorem 5.6. An internal category in ShpXq for a connected space X is weakly
equivalent to a CW-complex, under the Joyal-Tierney model structure, if and only
if it is weakly equivalent to a sheafification of a constant groupoid presheaf.
Proof. By Theorems 4.4 and 5.4. 
Corollary 5.7. Let X be a connected topological space. The homotopy cate-
gory Ho pCWCatShpXqq of CW-complexes in internal categories in the category
of sheaves on X is equivalent to the homotopy category of groupoids.
Proof. Immediate from Theorem 4.5 and Corollary 5.5. 
6. Algebraic K-theory.
6.1. Generalities on algebraic K-theory. Let C ,D be Waldhausen categories,
that is, C and D are “categories with cofibrations and weak equivalences” in the
sense of [15]. Let F,G,H : C Ñ D be exact functors, that is, F is a functor which
sends the zero object to the zero object, sends cofibrations to cofibrations, sends
weak equivalences to weak equivalences, and sends pushouts along cofibrations to
pushouts, and similarly forG andH . Suppose that we have natural transformations
F Ñ G and GÑ H such that, for each object X of C , the resulting sequence
F pXq Ñ GpXq Ñ HpXq
is a cofiber sequence in C . Finally, suppose that, for every cofibration X Ñ Y in C ,
the resulting map GpXq
š
F pXq F pY q Ñ GpY q is also a cofibration. Then we have
Waldhausen’s famous additivity theorem, from [15]:
Theorem 6.1. (Waldhausen’s additivity theorem.) The functions |wS.G|
and |wS.pF _Hq|, from |wS.C | to |wS.D|, are homotopic.
Consequently the maps induced in K-theory groups, K˚pGq and K˚pF _ Hq,
are equal. (Waldhausen gives several equivalent versions of the additivity theorem
in [15]; the version stated in Theorem 6.1 is simply the version which is most
convenient for the purposes of the present paper.)
There is another result from Waldhausen’s paper [15] which we will use. This is
Proposition 1.3.1 from that paper:
Proposition 6.2. Let C ,D be Waldhausen categories, and let F,G : C Ñ D be
exact functors such that, for every object X of C , the induced map F pXq Ñ GpXq
is a weak equivalence in D. Then the functions |wS.F | and |wS.G|, from |wS.C | to
|wS.D|, are homotopic.
Definition 6.3. Let C be a Waldhausen category. We will say that an object X of
C is contractible if the unique map 0Ñ X is a weak equivalence.
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Definition 6.4. Let C be a Waldhausen category. We will say that an exact functor
P : C Ñ C equipped with a natural transformation η : idC Ñ P is a cone functor if:
‚ for all objects X of C , PX is contractible,
‚ for all objects X of C , the map ηpXq : X Ñ PX is a cofibration, and
‚ for every cofibration X Ñ Y in C , the map Y
š
X PX Ñ PY is a cofibra-
tion.
If C is a Waldhausen category and pP, ηq is a cone functor on C , then we will
write Σ : C Ñ C for the functor given by ΣpXq “ PX
š
X 0, i.e., ΣpXq is the
pushout:
X
ηpXq
//

PX

0 // ΣpXq.
When n is a positive integer, we will write Σn for the n-fold composite of Σ with
itself.
It is standard that, given a pointed model category, the full subcategory gener-
ated by its cofibrant objects forms a Waldhausen category. The one nontrivial part
of the proof of this fact is checking Waldhausen’s condition “Weq 2” from [15],
which reads as follows: if we have a commutative diagram
B

A
f
oo //

C

B1 A1
g
oo // C 1
in C in which f and g are cofibrations and all three vertical arrows are weak equiv-
alences, then the induced map
B
ž
A
C Ñ B1
ž
A1
C 1
is a weak equivalence. If A is a pointed model category and C is the full subcategory
of A generated by the cofibrant objects, then condition Weq 2 holds in C by
Lemma 5.2.6 in M. Hovey’s book [6] (Hovey, in turn, writes that he learned the
result from Dwyer, Hirschhorn, and Kan); the same result also appears as the
corollary following Theorem B in [13].
Now here is an easy consequence of Theorem 6.1 and Proposition 6.2:
Proposition 6.5. Let C be a Waldhausen category. Suppose that there exists a
cone functor on C and a positive integer n such that, for all objects X of C , ΣnpXq
is contractible. Then the space |wS.C | is contractible. Consequently the K-theory
groups KnpCq are trivial for all n ě 0.
Proof. This line of argument is quite standard. If F : C Ñ C is an exact functor,
then we have the cofiber sequences of exact functors
F Ñ PF Ñ ΣF,
ΣF Ñ PΣF Ñ Σ2F,
20 CHRISTIAN FRANK AND A. SALCH
and then Theorem 6.1 yields the homotopies
PF _ Σ2F » F _ ΣF _ Σ2F
» F _ PΣF.
Since PΣF pXq and PF pXq are contractible for all X , Proposition 6.2 gives us
further homotopies:
Σ2F » PF _ Σ2F
» F _ PΣF
» F.
Now we apply the homotopy Σ2F » F repeatedly, letting F “ Σ2i for i “ 0, 2, . . . ,
to get homotopies
(6.10) id » Σ2 » Σ4 » Σ6 » . . . .
By assumption, there exists some n such that ΣnpXq is contractible for all objects
X of C , so let m be any even integer greater than or equal to n, and now Σm is
homotopic to the constant basepoint-valued endomorphism of |wS.C |, by Proposi-
tion 6.2. So Σm is nulhomotopic, so the identity map of |wS.C | is nulhomotopic due
to the chain of homotopies (6.10). Since the identity map of |wS.C | is nulhomotopic,
|wS.C | is contractible as claimed. 
While Proposition 6.5 is easy to prove (once one knows Waldhausen’s additivity
theorem), our original proof used a bi-exact product on C , and multiplicative struc-
ture on the K-theory space to show its contractibility; we are grateful to J. Klein
for suggesting to us that we try to prove the same result without the multiplicative
structure, by using the additivity theorem.
6.2. Application to the Joyal-Tierney model structure. Now we are going
to do some algebraic K-theory with internal categories in a Grothendieck topos.
In order to get a Waldhausen category of internal categories in a Grothendieck
topos ShpC , τq, we need to have a pointed category of such internal categories; to
accomplish this, we simply take the category of pointed objects in Cat ShpC , τq,
i.e., the undercategory consisting of internal categories X in ShpC , τq equipped with
a choice of map from the terminal internal category 1 to X . We will focus on the
most important special case, the case ShpC , τq “ SmCat. Following [6], we will write
SmCat˚ for the category of pointed objects in small categories. By Proposition 1.1.8
of [6], SmCat˚ admits a model structure whose cofibrations (respectively, weak
equivalences, fibrations) are exactly those maps whose underlying maps in SmCat
are cofibrations (respectively, weak equivalences, fibrations). We will call this model
structure on SmCat˚ the pointed Joyal-Tierney model structure.
Proposition 6.6. The category SmCat˚, equipped with the Waldhausen category
structure it inherits from the pointed Joyal-Tierney model structure, admits a cone
functor in the sense of Definition 6.4.
Proof. We give the details explicitly, below, but the intuition here is that the cone
functor P : SmCat˚ Ñ SmCat˚ wlil be simply the functor whose value on given a
small category C is the category with the same object set as C and which has, for
each pair of objects X,Y , a unique morphism X Ñ Y .
Now we give the details. Let P : SmCat˚ Ñ SmCat˚ be the functor defined as
follows: if X is a pointed small category, and we agree to write Xob for the object set
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of X and Xmor for the morphism set of X , ηL, ηR : Xmor Ñ Xob for the domain and
codomain morphisms, ǫ : Xob Ñ Xmor for the identity morphism morphism, and
∆ : Xmor ˆXob Xmor Ñ Xmor for the composition of morphisms morphism, then let
P pX q be the pointed internal category with P pX qob “ Xob and P pX qmor “ XobˆXob,
with structure maps as follows:
‚ the morphism P pX qmor Ñ P pX qob, sending a morphism to its domain, is
the projection to the first factor Xob ˆ Xob Ñ Xob,
‚ the morphism P pX qmor Ñ P pX qob, sending a morphism to its codomain, is
the projection to the second factor Xob ˆ Xob Ñ Xob,
‚ the morphism P pX qob Ñ P pX qmor, sending an object to its identity mor-
phism, is the diagonal morphism Xob Ñ Xob ˆ Xob,
‚ and the morphism P pX qmorˆP pX qob Ñ P pX qmor, sending a composable
pairs of morphisms to their composite, is the composite morphism
pXob ˆ Xobq ˆXob pXob ˆ Xobq
–
ÝÑ Xob ˆ Xob ˆ Xob
r
ÝÑ Xob ˆ Xob
where r is the projection off of the middle factor (i.e., the projection on to
the left and right factors).
There exists a natural transformation id
η
ÝÑ P of functors SmCatÑ SmCat defined
as follows: given a pointed small category X , the map ηpX q : X Ñ P pX q has
components ηpX qob : Xob Ñ P pX qob simply the identity map, and ηpX qmor : Xmor Ñ
P pX qmor the map Xmor Ñ Xobˆ Xob given by the universal property of the product
in SmCat from the maps ηL, ηR : Xmor Ñ Xob. It is a routine exercise to check that
P is indeed a functor and that η is a natural transformation.
We claim that pP, ηq is a cone functor on SmCat˚ in the pointed Joyal-Tierney
model structure. Most of this claim is basically trivial to prove: clearly ηpX q
is a cofibration for each small category X , and clearly P sends cofibrations to
cofibrations. The unique map from P pX q to the terminal internal category 1 is
clearly full and faithful (as in Definition 3.2), and it is essentially surjective as well
(the composite map ηR ˝ ι ˝ p in Definition 3.2 is, after an isomorphism, simply a
projection map Xob ˆ Xob Ñ Xob to a factor), so P pX q is contractible.
We need to know that, if X
f
ÝÑ Y is a weak equivalence in SmCat˚, then P pfq
is a weak equivalence. In fact, more is true: P pfq is a weak equivalence, even if f
is not! This is simply because we have the commutative diagram
PX
P pfq
//
we

PY
we
||③③
③
③
③
③
③
③
③
1
in which the two maps marked we are weak equivalences, and now the two-out-of-
three property of weak equivalences in a model category tells us that P pfq is also
a weak equivalence.
If X Ñ Y is a cofibration in SmCat˚, then we need to know that the map
Y
š
X
P pX q Ñ P pY q is a cofibration as well. This follows, however, from the obser-
vation that the functor
U : SmCat˚ Ñ Sets˚
UpX q “ Xob
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has a right adjoint, given by sending a pointed set Y to the pointed small category
whose object set is Y , whose morphism set is Y , and whose structure maps are all
the identity map on Y . Hence U preserves colimits, in particular, pushouts. Hence
the fact that ηpX q : X Ñ P pX q induces an isomorphism ηpX qob : Xob
–
ÝÑ P pX qob in
SmCat˚ gives us that
`
Y
š
X
P pX q
˘
ob
Ñ P pY qob is a monomorphism, hence that
Y
š
X
P pX q Ñ P pY q is a cofibration.
All that remains is to check that P preserves pushouts along a cofibration. Let
X , Y ,Z be pointed small categories, and let X ÝÑ Y and X ÝÑ Z be morphisms
in SmCat˚. Since P pY
š
X
Zq and PY
š
PX PZ depend only on pY
š
X
Zqob and
on Yob, Xob, and Zob, and since the functor U : SmCat˚ Ñ Sets˚, defined above,
preserves pushouts, to show that the canonical map
PY
ž
PX
PZ Ñ P pY
ž
X
Zq
is an isomorphism in SmCat˚ is equivalent to simply showing that, if X,Y, Z are
objects of Sets˚ and f : X Ñ Y and g : X Ñ Z are morphisms in Sets˚ with f a
monomorphism, then the canonical map
(6.11) F pY q
ž
F pXq
F pZq
γ
ÝÑ F pY
ž
X
Zq
in SmCat˚ is an isomorphism, where F : Sets˚ Ñ SmCat˚ is the functor that sends
an object W to the internal category pW,W ˆW q, so that P factors as P “ F ˝U .
We will now show that the map (6.11) is an isomorphism by producing an inverse
map δ to γ. To specify such a map δ, it suffices to give a natural transformation from
homSmCat˚pF pY q
š
F pXq F pZq,´q to homSmCat˚pF pY
š
X Zq,´q which is inverse
to the natural transformation corepresented by γ. Suppose that T is an object of
SmCat˚, and suppose we are given a morphism F pY q
š
F pXq F pZq Ñ T in SmCat˚,
i.e., we are given a pair of morphisms a : Y Ñ Tob and b : Z Ñ Tob in Sets˚
which agree on X , and a compatible pair of morphisms f : Y ˆ Y Ñ Tmor and
g : Z ˆ Z Ñ Tmor in Sets˚ which agree on X ˆ X . From this data we need to
construct a morphism F pY
š
X Zq Ñ T . On objects,˜
F pY
ž
X
Zq
¸
ob
“ Y
ž
X
Z Ñ Tob
is simply given by a and b and the universal property of the pushout. On morphisms˜
F pY
ž
X
Zq
¸
mor
“
˜
Y
ž
X
Z
¸
ˆ
˜
Y
ž
X
Z
¸
Ñ Tmor
is given by sending py1, y2q P Y ˆY to fpy1, y2q, sending pz1, z2q P ZˆZ to gpz1, z2q,
sending py, zq P Y ˆ Z to the composite gpx, zq ˝ fpy, xq where x is any element of
X (such an element exists: X is necessarily nonempty since it is pointed), and by
sending pz, yq P ZˆY to the composite fpx, yq˝gpz, xq where x is any element of X .
Checking this is well-defined is left as an exercise, but we do offer an explanation
of the idea behind this construction: if W is a set, then F pW q is the small category
whose set of objects is W , and which has, for every pair of objects w,w1 P W ,
exactly one morphism w Ñ w1. If we have some small category T and chosen
functors f : F pY q Ñ T and g : F pZq Ñ T which coincide on F pXq, and we want
to use this information to specify a functor F pY
š
X Zq Ñ T , then it is clear that
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this functor should coincide with f on F pY q Ď F pY
š
X Zq, and that this functor
should coincide with g on F pZq Ď F pY
š
X Zq. This determines everything about
the behavior of the functor F pY
š
X Zq Ñ T except for its effect on morphisms
y Ñ z and morphisms z Ñ y in F pY
š
X Zq, where y P Y and z P Z. But there is a
natural way to define our functor on these morphisms: given the (unique) morphism
h : y Ñ z in F pY
š
X Zq, choose an element x P X , and now in F pY
š
X Zq
there is a unique morphism h1 : y Ñ x and a unique morphism h2 : x Ñ z, and
h2 ˝ h1 “ h. Clearly we should let our desired functor F pY
š
X Zq Ñ T take the
value gph2q ˝ fph1q on the morphism h, and the uniqueness of morphisms with a
given domain and codomain in F pY
š
X Zq ensures that this definition does not
depend on the choice of x. With the obvious modification (switching the roles
of Y and Z) this same construction defines the functor F pY
š
X Zq Ñ T on the
morphisms z Ñ y as well.
We have now defined a function
(6.12) homSmCat˚pF pY q
ž
F pXq
F pZq, T q Ñ homSmCat˚pF pY
ž
X
Zq, T q
for each object T in SmCat˚, and function (6.12) is natural in the variable T .
Hence (6.12) defines a morphism F pY
š
X Zq Ñ F pY q
š
F pXq F pZq. It is routine
to verify that this morphism is inverse to the canonical morphism γ from (6.11).
Hence the map γ is an isomorphism, hence F preserves pushouts, as desired.
Hence P preserves pushouts, and in particular, pushouts along a cofibration. 
Proposition 6.7. For each object X of SmCat˚, the second suspension Σ
2X of X
is weakly equivalent to the terminal object in SmCat˚.
Proof. The suspension ΣX is, up to weak equivalence, the pushout of the diagram
(6.13) X
ηpXq
//

PX
1
where PX is as in Proposition 6.6. (One can take this statement in either of two
ways: either by the definition of Σ as in Definition 6.4, ΣX is the pushout of the
diagram (6.13); or, by the definition of suspension in a pointed model category, ΣX
is the homotopy pushout of the diagram
X //

1
1.
Since every object in the Joyal-Tierney model structure on SmCat is cofibrant,
pushouts of weak equivalences along cofibrations in SmCat are weak equivalences,
by Theorem B in [13]. Hence SmCat is left proper, hence the pushout of the
diagram (6.13) is a homotopy pushout, since ηpXq is a cofibration. So whether one
takes ΣX to mean suspension in the sense of Definition 6.4, or suspension in the
sense of the suspension defined in any model category, in either case the pushout
of diagram (6.13) is ΣX , at least up to weak equivalence.)
Now here are two observations about the pushout of the diagram (6.13):
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(1) The pushout ΣX has the property that pΣXqob – 1, the terminal object in
SmCat, since the functor W ÞÑ Wob : SmCat˚ Ñ Sets˚ preserves pushouts
and since pηpXqqob is an isomorphism.
(2) If Xob – 1, then PX is the terminal object in SmCat˚, so ΣX is a quotient
of the terminal object, i.e., ΣX is terminal.
Consequently ΣpΣXq is terminal in SmCat˚. 
Theorem 6.8. Equip SmCat˚ with the Waldhausen category structure inherited
from the Joyal-Tierney model structure. Let A be any full sub-Waldhausen-category
of SmCat˚ satisfying the following conditions:
‚ pushouts along cofibrations computed in A agree with the same pushouts
computed in SmCat˚, and
‚ if pTob, Tmorq is an object in A, then so is pTob, Tob ˆ Tobq, with structure
maps defined as in the proof of Proposition 6.6.
Then the algebraic K-theory space |wS.A| of A is contractible, and hence the
algebraic K-theory groups KnpAq are trivial for all n ě 0.
Proof. Immediate consequence of Proposition 6.5, Proposition 6.6, and Proposi-
tion 6.7. 
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